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Designing Optimal Microscopy Experiments to 
Harvest Single-Cell Fluctuation Information while 

Rejecting Image Distortion Effects

1. Introduction — the origin and importance of single-cell 
noise. 

2. Motivation — progress toward quantitative measuring and 
modeling every stage of the central dogma of molecular biology 
and at single-molecule resolution. 

3. Key challenges: 

✴ optimal integration of single-cell experiments and stochastic 
computational models 

✴ estimating and reducing uncertainty in stochastic gene 
regulation models.
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Introduction - The Central Dogma of Molecular Biology

Genetically identical cells in identical environments produce stochastic, 
spatial, temporal fluctuations.


It is possible to measure and predict every stage of these fluctuations.
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Information in fluctuation 

Different systems (species, inputs, 
mechanisms, …) may express genes at 
equal average levels.

Single-cell measurements may reveal 
hidden response differences.

System X System Y System Z

Collective responses can exhibit 
distinctive “fluctuation 
fingerprints”.

Munsky, et al, Science, 2012



Information in fluctuation 

Munsky, et al, Science, 2012

Variability versus parameters.
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• Consider a model of bursting gene 
expression:

• We can compute the expression 
mean and variability as functions of 
all parameters. 
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Variability versus parameters.
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• Consider a model of bursting gene 
expression:

• We can compute the expression 
mean and variability as functions of 
all parameters. 

• Tuning kOff or kOn can increase 
expression, but in doing so:

• Tuning kOff increases variability.

• Tuning kOn decreases variability.



1. Introduction — the origin and importance of single-cell noise. 

2. Motivation — progress toward quantitative measuring and 
modeling every stage of the central dogma of molecular 
biology and at single-molecule resolution. 

3. Key challenges: 

✴ optimal integration of single-cell experiments and stochastic 
computational models 

✴ estimating and reducing uncertainty in stochastic gene 
regulation models.
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Time lapse fluorescence microscopy 
measures temporal properties of: 


SIGNALS (in this case a mitogen 
activated protein kinase, MAPK).

RESPONSES (in this case STL1-
GFP). 

Different perturbations yield different 
MAPK signals and different 
downstream responses.
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ODE Models can be parametrized to 
capture these MAPK dynamics as 
functions of time and environmental 
conditions. 

48 (20bp) probes/mRNA, 

Single-Molecule Fluorescence in situ Hybridization (smFISH)

• SM-FISH allows quantification of 
endogenous transcription response:

• Number of individual mRNA per cell,

• 3D Location of individual mRNA,

• DNA transcription site activity,
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• SM-FISH allows quantification of 
endogenous transcription response:

• Number of individual mRNA per cell,

• 3D Location of individual mRNA,

• DNA transcription site activity,
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• SM-FISH allows quantification of 
endogenous transcription response:

• Number of individual mRNA per cell,

• 3D Location of individual mRNA,

• DNA transcription site activity,

• Fast (1-2 minute) time resolution,

• 100s or 1000s of cells per time point 

or condition.
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• SM-FISH allows quantification of 
endogenous transcription response:

• Number of individual mRNA per cell,

• 3D Location of individual mRNA,

• DNA transcription site activity,

• Fast (1-2 minute) time resolution,

• 100s or 1000s of cells per time point 

or condition.

smFISH yields highly 
reproducible & quantitative 
measurements of (noisy) 
single-cell responses.
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• SM-FISH allows quantification of 
endogenous transcription response:

• Number of individual mRNA per cell,

• 3D Location of individual mRNA,

• DNA transcription site activity,

• Fast (1-2 minute) time resolution,

• 100s or 1000s of cells per time point 

or condition.

smFISH yields highly 
reproducible & quantitative 
measurements of (noisy) 
single-cell responses.
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The HOG1-activated distributions of STL1 and CTT1 
are well fit and well predicted by a 4-state bursting 
gene expression model with spatial compartments.

Munsky, et al, PNAS, 2018



• smFISH is used to label 
individual mRNA in cells.


• For example, here we examine 
THP1 cells two hours after 
induction by bacterial LPS to 
simulate infection.


• We are interested in the response 
of two cytokines:

• red spots — IL1b

• green spots — TNFa
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• SM-FISH measures the number and 
locations of individual mRNA per cell.


• Response distributions can be 
collected from 1000’s of cells at 
specific times after perturbation (LPS 
stimulation in this case).


• We can fit these distributions as 
functions of time, and under different 
drug treatments.
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The LPS-activated distributions of IL1b and TNFa 
are well fit and well predicted by an integrated pair 
of two 3-state bursting gene expression models.
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• Using MS2/MCP labeling, we observe live 
nascent RNA transcription.
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mRNA

Forero, Raymond et al, Nat. Comms., 2021

MS2/Fab for Live-cell Nascent TRANSCRIPTION Tracking
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Linda Forero-
Quintero

• Using MS2/MCP labeling, we observe live 
nascent RNA transcription.


• Fragmented antibody (Fab) probes allow 
us to quantify RNA Polymerase II (RNAP2) 
before (green) and after (green+blue) Ser5 
phosphorylation.

Will 
Raymond

RNAP2-CTD
RNAP2-CTD-Ser5ph

RNAP2-Ser5ph mRNARNAP2

Forero, Raymond et al, Nat. Comms., 2021

MS2/Fab for Live-cell Nascent TRANSCRIPTION Tracking
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MCP 

• Using MS2/MCP labeling, we 
observe live nascent RNA 
transcription.


• Fragmented antibody (Fab) probes 
allow us to peer even deeper to 
quantify RNAP2 phosphorylation. 

RNAP2-
RNAP2-CTD-

Bursting gene expression models capture the 
stationary distributions and correlation dynamics 
of the RNAP2 and transcription dynamics.
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MS2/Fab for Live-cell Nascent TRANSCRIPTION Tracking
The distributions and temporal correlations 
of RNAP2 localization, RNAP2 
phosphorylation, and nascent transcription 
are well captured with a 2-state Bursting 
Transcription Model.
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• Fabs can also be used to quantify Nascent 
Protein translation in living cells.


• Different colors can be used to observe 
different open reading frames or different 
ribosomal entry sites.
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Auto-CovariancesSteady-State DistributionsStochastic Fluctuations

(1549 aa), Č-actin (375 aa), and H2B (128 aa) [6]. Each construct encodes for an N-terminal
10X FLAG ‘Spaghetti Monster’ SM-tag (318 aa) followed by the specific protein of interest
(POI), and the stop codon for each POI was followed by 24 repetitions of the MS2 tag in the 3’
UTR region. For each construct, the MS2 signal was used to track the mRNA motion in three
dimensions, and the co-localized fluorescence intensity of the FLAG SM-tag was quantified as
a function of time. These movies were collected using frame rates of 1 sec for H2B (n = 10), 3
sec for Č-actin (n = 17), and 10 sec for KDM5B (n = 35), and each trajectory was tracked for up
to 300 frames per mRNA. Fig 4A–4C (left) show example time traces (in arbitrary units of
fluorescence) for the nascent protein level per individual mRNA for each of the three genes.
To achieve long trajectories, it is necessary to use low laser power, which introduces higher
variability in signal intensities from one spot to another. Therefore, to account for variability
in imaging settings between tracking experiments, all trajectories were normalized to have a
variance of one prior to auto-covariance analysis.

To quantify the steady-state variability of nascent proteins per mRNA in units of mature
protein (ump), we used a second, independent calibration construct that contains only a single

Fig 4. Fitting single-molecule data with the full stochastic model. Experimental data show the fluctuation dynamics of gene constructs
encoding an N-terminal 10X FLAG ‘Spaghetti Monster’ SM-tag (green) followed by a protein of interest and finally a 24X MS2 tag (red) in
the 3’ UTR region. Three proteins were studied: A) H2B (orange), B) Č-actin (blue) and C) KDM5B (violet). Middle figures show the
simulated (colors) and measured (black) probability distributions for an mRNA to have a fluorescence intensity corresponding to i units of
mature proteins (ump). Right images show the normalized auto-covariance function (G) calculated from experimentally measured (black
error bars) and computationally simulated (colors) autocorrelation functions. Error bars in the experimental data and shadow bars in the
simulated auto-covariance plots represent the standard errors of the mean. Elongation and initiation rates were obtained by parameter
optimization, using the Hooke and Jeeves Algorithm ([29]). Optimized parameters and their uncertainties (see Methods) are provided in
Eq 29.

https://doi.org/10.1371/journal.pcbi.1007425.g004

Computational design and interpretation of single-RNA translation experiments

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007425 October 16, 2019 13 / 27

Nascent protein dynamics are 
captured by a Totally 
Asymmetric Simple 
Exclusion Process (TASEP) 
model.

Lyon, Aguilera, et al, Molecular Cell, 2019
Aguilera, Raymond, et al, PLoS Comp Biol, 2019
Koch, Aguilera et al, Nat. Struct, Mol. Biol., 2020 

MS2/Fab for Live-cell Nascent TRANSLATION Tracking
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The TASEP Model has two 
parameters: 

• initiation rate 
• average elongation rate* 

With just these two parameters, the 
model captures: 

• the distribution of nascent 
proteins per mRNA in units of 
mature protein. 

• the auto-covariance of the 
protein translation signal. 

*Codon-dependent 
translation rates are defined 
by the Codon Adaptation 
Index.
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Example 2: Viral Frame-Shifting

HIV and other viruses use frameshift stimulatory 
sequences (FSS) to reduce genome size.  

These FSS cause ribosomes to slip and translate two 
proteins from a single RNA sequence.

Two for the price of one!

HIV-1 FSS

5’... CAUGGUUUUUUAGGGAAGAUCUGGCCU .... 3’
GH F

F R E D L A

5’... CAUGGUUUUUUAGGGAAGAUCUGGCCU .... 3’
L G K I W PGH F

Usually…

Sometimes… one NT slip

New 
Protein

Original 
Protein

Lyon, Aguilera, et al, Molecular Cell, 2019
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We added a third color in the -1 frame and extended 
models to allow bursts of frame-shifting.
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Watching Frame-Shifting in single-molecule resolution
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A single bursting frame-shift TASEP model captures:  
(a) survival time of -1 bursts 
(b) the loading of ribosomes per mRNA in each frame 
(c) fraction of mRNA with 0, -1, or both proteins. 
(d) Total production ratio of 0 and -1 frame proteins. 
(e) Run-off dynamics after drug perturbation 
(f) Run-off dynamics for extended construct.

Modeling of Live-Cell Frame-Shifting

the frameshift state survival times, we fit the rate of koff to be
!0.0013 s"1 (Figure 5B), corresponding to an average frameshift
persistence time of 1/koff !12.8 min.

Using this constrained value for koff, we then fit to find the re-
maining parameters kon, kini, kel, kFSS, and kFSS* (Table 1), with
which the bursty frameshifting model could simultaneously
reproduce all of our observations (Figures 5C–5G), in contrast

to the constitutive model (Figures S5A–S5L). From these param-
eters, we calculate 1/kon !170 min, meaning that RNA encoding
the HIV-1 FSS switch to a frameshifting state rarely, on the time-
scale of a few hours (Table 1, 1/kon). Once an RNA is in the frame-
shifting state, it remains there for tens of minutes on average
(Table 1, 1/koff), occasionally lasting up to an hour ormore. To ac-
count for the different run-off delays seen at frameshifting and

Figure 5. A Model for Bursty Frameshifting
(A) A schematic of the model: kini is the translation initiation rate, kel is the translation elongation rate, kon is the rate at which RNA switch to the frameshifting state,

koff is the rate at which RNA switch to the non-frameshifting state, kFSS is the pause rate at the FSS in the non-frameshifting state, k*FSS is the pause rate at the FSS

in the frameshifting state, and kt is the termination rate (assumed equal to kel).

(B) The survival probability of frameshifting sites through time (black dots) is fit with a single exponential decay (gray line).

(C–G) Simultaneous fit of all data. (C) A bar graph comparing the measured (black) and best-fit model predicted (gray) percentage of non-frameshifting (0F),

frameshifting ("1F), and both frames (BF) translation sites. Error bars represent SEM among cells. (D) A bar graph comparing the measured (black) and best-fit

model predicted (gray) ratio between the total frameshifted and non-frameshifted signal intensity (FS:non-FS signal ratio). (E) A bar graph comparing the

measured (black) and best-fit model predicted (gray) intensity in units of mature protein (u.m.p.) within non-frameshifting (0F), frameshifting ("1F), and both

frames (BF) translation sites. Error bars represent SEM among RNA. (F) Best-fit model (solid lines) of the data from Figure 4A. Error bars represent SEM among

RNA. (G) Best-fit model prediction of the data from Figure 4B. Error bars represent SEM among RNA.

(H) The predicted ribosomal occupancy along the MF tag is shown. The positions of the FSS (red), FLAG (green), and SunTag (blue) epitopes are shown in color.

(I) The predicted ribosomal occupancy along the HA MF tag is shown. The positions of the FSS (red), HA (orange), FLAG (green), and SunTag (blue) epitopes are

shown in color.

See also Figure S5 and Videos S4, S5, and S6.
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the frameshift state survival times, we fit the rate of koff to be
!0.0013 s"1 (Figure 5B), corresponding to an average frameshift
persistence time of 1/koff !12.8 min.

Using this constrained value for koff, we then fit to find the re-
maining parameters kon, kini, kel, kFSS, and kFSS* (Table 1), with
which the bursty frameshifting model could simultaneously
reproduce all of our observations (Figures 5C–5G), in contrast

to the constitutive model (Figures S5A–S5L). From these param-
eters, we calculate 1/kon !170 min, meaning that RNA encoding
the HIV-1 FSS switch to a frameshifting state rarely, on the time-
scale of a few hours (Table 1, 1/kon). Once an RNA is in the frame-
shifting state, it remains there for tens of minutes on average
(Table 1, 1/koff), occasionally lasting up to an hour ormore. To ac-
count for the different run-off delays seen at frameshifting and

Figure 5. A Model for Bursty Frameshifting
(A) A schematic of the model: kini is the translation initiation rate, kel is the translation elongation rate, kon is the rate at which RNA switch to the frameshifting state,

koff is the rate at which RNA switch to the non-frameshifting state, kFSS is the pause rate at the FSS in the non-frameshifting state, k*FSS is the pause rate at the FSS
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(B) The survival probability of frameshifting sites through time (black dots) is fit with a single exponential decay (gray line).

(C–G) Simultaneous fit of all data. (C) A bar graph comparing the measured (black) and best-fit model predicted (gray) percentage of non-frameshifting (0F),
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hypothesized the FSS sequence could be involved in multimeri-
zation. To test this, we co-transfected cells expressing the +FSS
MF tag with a short oligo RNA encoding just the FSS sequence
(FSO; frameshift oligo, Figure 3A). Remarkably, this led to a sig-
nificant increase in the fraction of frameshifting sites translating
just the!1 frame, from 1.6% to 5.6%when 1 mg FSOwas added
(Figure 3B, p < 0.001), and up to 7.8%when 4 mg FSOwas added
(p < 0.0001, Figure 3B). However, in contrast to our expectation,
the FSO did not significantly impact the RNA signal intensities
within frameshifting sites. Instead, irrespective of FSO concen-
tration, the distributions of RNA signal intensities within frame-
shifting (and non-frameshifting) sites remained statistically un-
changed (Figures S3F and S3G). For controls, we repeated
experiments, first with non-specific oligos and second with the
FSO in cells expressing the !FSS control tag. In both cases,
we did not see a significant increase in frameshifting (Figure 3B).
Furthermore, in all experiments the fraction of translating RNA
remained statistically constant (Figure 3C), indicating cellular
stress was not a factor. We therefore conclude the FSS can
somehow interact with other translation sites to facilitate frame-

shifting. While it remains unclear if the interaction is direct or in-
direct, by itself the interaction does not appear to alter the multi-
merization of frameshifting sites.

Translational Output of Frameshifted Ribosomes
The "8% of frameshifted translation sites we observed is
consistent with previous measurements of 5%–10% frame-
shifted protein product (Brierley and Dos Ramos, 2006; Dulude
et al., 2002; Grentzmann et al., 1998; Mouzakis et al., 2013). All
else equal, this implies that frameshifting alone can explain the
steady-state levels of frameshifted protein, without the need
for other regulatory mechanisms, such as protein degradation.
To test this hypothesis, we performed a ribosomal run-off exper-
iment to roughly estimate the elongation rates of frameshifted
and non-frameshifted ribosomes. We used a doubled +FSS
MF tag (2xMF tag) to increase the signal amplification. This al-
lowed us to lower the laser powers and thereby eliminate observ-
able photobleaching. Fits to the post-tag portion of run-off
curves yielded similar run-off times (Figures 4A and S4A). Fluo-
rescence recovery after photobleaching experiments further

Figure 4. Ribosomal Run-Off at Frameshift-
ing and Non-frameshifting Translation Sites
(A) A schematic showing harringtonine-induced ri-

bosomal run-off from the +FSS 2xMF tag with FLAG

(green) and SunTag epitopes (blue) in the 0 and !1

frames, respectively. The normalized total intensity

(a.u.) of nascent chain signals within non-frame-

shifting translation sites (green triangles, 217 FLAG-

only sites initially) and frameshifting sites (cyan cir-

cles, 32 Sun sites initially). Frameshifting translation

sites are distinguished by the presence of a-SunTag

scFv. As these sites contain both FLAG and SunTag

nascent chains, the intensity is the sum of the

a-FLAG Fab and a-SunTag scFv fluorescence.

There is a small but significant difference between

the run-off of non-frameshifting versus frameshifting

ribosomes (p < 0.001 for all time points up to"600 s,

after which the two curves begin to converge to zero

intensity, Mann-Whitney U test, 19 cells). Error bars

represent SEM of all sites.

(B) Similar to (A), but with a modified MF tag with the

addition of 10 HA epitopes (orange, HA MF tag)

upstream of the FSS. The a-HA Fab signals in non-

frameshifting translation sites (orange triangles, 128

HA-only sites initially) and frameshifting translation

sites (orange circles, 42 Sun sites initially). Frame-

shifting translation sites are distinguished by the

presence of a-SunTag scFv. The non-frameshifting

and frameshifting HA run-offs were significantly

different (p < 0.0001 for all time points, Mann-

Whitney U test, 27 cells). Error bars represent SEM

of all sites.

(C) A sample single translation site encoding the

modified HA MF tag (shown in B) after addition of

harringtonine. A montage of image trims shows

the detected RNA-, HA-, and Sun-signals through

time. Below, the normalized total intensity of the

a-HA Fab signal (marking all ribosomes) and the

a-SunTag scFv signal (marking frameshifting ribo-

somes) is plotted through time. Gray arrows and

gray box signify a burst of frameshifting.

See also Figure S4 and Video S3.
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1. Introduction — the origin and importance of single-cell noise. 

2. Motivation — progress toward quantitative measuring and 
modeling every stage of the central dogma of molecular 
biology and at single-molecule resolution. 

3. Key challenges: 
• optimal integration of single-cell experiments and 

stochastic computational models 
✴ estimating and reducing uncertainty in stochastic gene 

regulation models.
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✴ These single-cell experiments are powerful yet expensive, 
and there are an vast number of possible experiment designs  

✴ We want to get as much insight as possible out of each 
experiment. 

✴ We want to choose experiments that minimize uncertainty about 
the mechanisms or parameters of interest.

Experiment Design Considerations 
• Number of cells 
• Sampling period 
• Choice of fluorophore(s) 
• Number and placement of 

probes 
• Inducer/drug concentrations 

and delivery times

Measurement Error Considerations 
• Microscope resolution 
• Image processing errors (segmentation, 

spot detection, track linking) 
• Photobleaching 
• Autofluorescence 
• Delays due to drug diffusion and nuclear 

import
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The Markov description of gene expression

• At any time, the state of the system is defined by its integer 
population vector:

• Reactions are transitions from one state to another.
x 2 ZN
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• At any time, the state of the system is defined by its integer 
population vector:

• Reactions are transitions from one state to another.
• These reactions are random, others could have occurred:

x 2 ZN
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Or others...

We wish to compute the probability distribution for all states, {xi},  at all times, t.

The probability mass for each point is described by the Linear ODE known as 
the Chemical Master Equation:

dP (xi)

dt
=

MX

µ=1

(�wµ(xi)P (xi) + wµ(xi � sµ)P (xi � sµ)) , for i=1,. . .
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The finite state projection approach       
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1) Strict lower bound on solution:

3) Monotonic convergence: "J1(t) � "J2(t) for any J1 ✓ J2
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2) Exact error of solution:
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Inferring parameters from single-cell measurements
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For Gaussian distributions with mean      and variance      (e.g., SEM): 
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Fig. 3: A mathematical model that fits all our experimental data. (Contin-

ues next page.)
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When noise is independent with constant variance, the maximum likelihood 
estimate (MLE) is the minimum sum of square error (SSE) estimate.

L(D;⇤) =
Y

j

p(dj ;⇤)
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Consider some arbitrary set of independent data D = [d1, d2, . . .]T

and a hypothetical probability distribution to explain those data p(d;⇤).
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The LIKELIHOOD of independent cells’ data given our model can be written:

logL(D;⇤) =
X

j

log p(dj ;⇤)
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The FSP provides computable upper and lower bounds on the likelihood of single-
cell data given a stochastic model: 

X
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Fox, et al, JCP 2016.
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1. Introduction — the origin and importance of single-cell noise. 

2. Motivation — progress toward quantitative measuring and 
modeling every stage of the central dogma of molecular 
biology and at single-molecule resolution. 

3. Key challenges: 
✴optimal integration of single-cell experiments and stochastic 

computational models 

✴ estimating and reducing uncertainty in stochastic gene 
regulation models.
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Error, Uncertainty (and Bias) 
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Models that cannot fit data can be 
invalidated and discarded.


Models that fit to data will still contain 
uncertainty and errors.


Error is the distance between the 
best estimate and the actual 
parameter values.


Uncertainty is the (estimated) 
variability in the fit parameters for a 
given data set.


Bias is the average error after fitting 
to a large (infinite) number of 
independent experiments.

Error, Uncertainty, and Bias are all affected by choice of estimator! 



Estimating Uncertainty from DATA (I. Cross-Validation) 

The (Frequentist) Cross-Validation approach to estimate 
model uncertainty:

Conduct multiple replica 
experiments.

Fit replicas separately 
and together.

Record best fit 
parameters for individual 
and lumped datasets.

Fit  
Both

+

Fit Rep2

Rep 2

Fit 
Rep1

Rep 1

⇤1 = argmax L(D1|⇤)
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Compare Parameters  
and Fits to Full Data

L(D1&D2|⇤i)

for i 2 {0, 1, 2}
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Compare parameter and 
prediction uncertainties.
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(Neuert, Munsky, et al, Science 2013)

Cross-Validation to Select Model Structure

Error in Fit to ALL Data
After Cross-Validation

Prediction Error

Pr
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We performed model cross-
validation on the Hog1 -> STL1 
data for many different models.
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Using Cross-Validation to Select Model Structure
(Neuert, Munsky, et al, Science 2013)

Error in Fit to ALL Data
After Cross-Validation

Prediction Error
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We performed model cross-
validation on the Hog1 -> STL1 
data for many different models.

New experiments verify 
that we chose the most 
predictive model.

(Neuert, Munsky, et al, Science 2013)

The likelihood               can be computed using known probability 
functions (e.g., Gaussian) or using the FSP.

We assume a convenient prior (e.g., log normal).

We use Markov Chain Monte Carlo (Gibbs, Metropolis Hastings, 
Hamiltonian, etc.) to sample the posterior.

P (D;⇤)
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Estimating Uncertainty from DATA (II. Bayesian MCMC) 

The ‘posterior’  
(what we want 

to estimate)

The ‘prior’  
(what new thought 

we knew before 
the experiment)

Normalization 
constant.

The ‘likelihood’  
(how the data 

matches the model)
Bayes’ rule provides another way to 
estimate parameter uncertainty:

P (⇤|D) =
P (D|⇤)

P (D)
P (⇤)
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MCMC Uncertainty Quantification for a Bursting Gene 
Expression Model 

Identification of Gene Regulation Models from Single-Cell Data 5

S1 S2 S3
k12 k23

k32k21

kr2 kr3 �
�

Figure 1. Schematic of a three-state gene regulation model. State 1 is
transcriptionally inactive, whereas states 2 and 3 are transcriptionally active
with transcription rates kr2 and kr3, respectively. Parameters kij denote the
(potentially time-varying) transition rates between states Si and Sj .

S2 and S3 are kr2 and kr3, respectively. Degradation of mRNA species, R, is assumed
to be a first order process with rate �.
Next, we define the transition dynamics that allow the gene to switch among these

states. In the three-state model, there are four state transition events: Si ! Sj, each
with a corresponding transition rate of kij(t). Three of the four transition rates are
assumed to be constant with respect to time and the activating kinase: kij(t) = kij(0).
The gene is activated by a time-varying kinase, Yi(t), which acts as an input to the
system. In practice, such signals can be controlled experimentally through modulation
of external stimuli [1, 10, 11, 31, 32, 33]. For illustrative purposes, we initially assume
a sinusoidal input signal given by:

Y1(t) =

(
0 for (t  5)(t � 70)

1 � cos
�
2⇡t
30

�
for t 2 (5, 70)

)
, (1)

where the input signal (in arbitrary units of concentration) begins at time t = 5 min
and ends at time t = 70 min. We assume exactly one of the four transition rates is
linearly dependent upon the activating kinase as follows [1]:

kij(t) = max {0, kij(0) + �Yi(t)} . (2)

For the combination i < j (i.e., when the reaction leads to a state with a higher index),
the value of kij(0) is negative and � is positive. Conversely, when i > j (i.e., when
the reaction leads to a state with a lower index), the value of kij(0) is positive and �

is negative. This choice gives rise to a thresholded activation response in which kij(t)

is zero until the kinase exceeds or drops below a specific level. This definition leads
to activation, either through direct activation when i < j or indirect loss of repression
when i > j.
One of our goals in this study is to determine if it is possible to identify the

mechanism of action, i.e., to determine which kij depends upon the time-varying kinase
signal. We define the model number, Nm, as the integer that specifies which mechanism
depends upon the activating kinase. The model numbers and the corresponding input-
dependent transition rates are as follows:

Model 1: k12(t); Model 2: k23(t); Model 3: k21(t); Model 4: k32(t).

Lisa Weber

We used MCMC quantify uncertainty when a 3-state bursting gene model 
(above left) was fit to simulated data (above right). 
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using the expression:

log (LFSP(D|⇤)) =
NtX

i=1

NrX

j=0

nij log(p(j|ti,⇤)), (17)

where Nr is the maximum number of mRNA observed in a single cell, nij is the number
of cells with exactly j mRNA at the ith time point, and p(j|ti,⇤) is the probability to
have j mRNA at that time, given the model parameters in ⇤, as discussed in [21, 23].
The corresponding log-likelihood of the model, given the data, can be written (using
our previous definition of the prior) as:

log (LFSP(⇤|D)) = C � log(P (D)) +
NtX

i=1

NrX

j=0

nij log(p(j|ti,⇤)) �
8X

k=1

log
10
(�k)2

8
, (18)

where C is a constant that is independent of the parameters. With this new
likelihood function, we again implemented the MH algorithm to explore parameter
uncertainty in the model, given the full information within the simulated single-cell
data. In comparison to the parameter uncertainty estimation using the ODE analysis,
our analysis using the FSP approach yielded substantially lower covariances for the
parameters, as seen in the logarithmic covariance matrix:

⌃⇤ =

2

6666666664

0.0079 0.0049 0.0084 �0.0008 0.0099 0.0105 0.0007 0.0100
0.0049 0.5976 0.0097 �0.0133 0.0010 0.0022 0.0837 0.0008
0.0084 0.0097 0.0148 0.0021 0.0036 0.0042 0.0026 0.0034

�0.0008 �0.0133 0.0021 0.0089 �0.0064 �0.0067 0.0022 �0.0067
0.0099 0.0010 0.0036 �0.0064 0.0314 0.0328 �0.0012 0.0322
0.0105 0.0022 0.0042 �0.0067 0.0328 0.0348 �0.0011 0.0336
0.0007 0.0837 0.0026 0.0022 �0.0012 �0.0011 0.0223 �0.0014
0.0100 0.0008 0.0034 �0.0067 0.0322 0.0336 �0.0014 0.0330

3

7777777775

.

(19)

Figure 6. Data distributions compared with FSP distributions for Model 2
(using the FSP best fit parameter values) at specific time points.

The FSP distribution results are presented in Figs. 6 and 7. Figure 6 shows that
the FSP distributions resulting from the identified parameters match closely to the data
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Figure 7. (A) Parameter uncertainty for kr2 and �, as determined using the
FSP likelihood function (Eqn. 18) in the Metropolis-Hastings analysis of Model
2. The ellipse indicates a 90% confidence interval. The magenta circle indicates
the true kr2 and � values. (A Inset) To provide a scale reference, the FSP-MH
results are compared to the ODE search results for the same data set. (B,C)
Comparison of the thresholded covariances for each parameter combination from
the ODE MH search (B) and the FSP MH search (C), using the thresholding
procedure described in the caption of Fig. 4 caption. The (+) indicates a
positive covariance and (-) indicates a negative covariance.

Figure 8. Bar plot showing the true parameter values compared to the mean
parameter values from the ODE MH search and the FSP MH search for Model
2. The error bars represent the mean parameter value± one standard deviation.

distributions at the time points presented and capture the bimodal behavior of the data.
Unlike the ODE analysis, the FSP was able to recover the correct model (i.e., Model 2)
from its fit to the simulated data. Moreover, Fig. 7 shows that there is substantially less
parameter uncertainty when the Metropolis-Hastings search is performed with the FSP
instead of the ODE analysis. Figure 8 shows the true parameter values compared to the
average estimated parameter values for Model 2 from the ODE and FSP searches of the
parameter space. For nearly all of the parameters, the FSP search yields substantially

FSP-based likelihood functions resulted in parameter determination that was 
several orders of magnitude more precise that ODE analyses.

(Weber, et al, Physical Biology, 2018)

Low 
Error

High 
Error

Uncertainty with 
ODE

Uncertainty with 
FSP

For real smFISH data, the Uncertainty Quantification 
advantage of the FSP is equally apparent.

Munsky, et al., PNAS, 2018

Using FSP-MCMC uncertainty quantification, we could fit and predict 
the spatio-temporal dynamics of nascent and mature mRNA for 
multiple genes in multiple conditions.

Gregor Neuert, 
Vanderbilt

Zach Fox



The Fisher Information Matrix (FIM) quantifies the information that an 
observed random variable is expected to have about each model parameter:

Zach Fox
Fox et al, PLoS Comp. Biol, 2019

Fox et al, Complexity, 2020

Using the FSP, we can compute the distributions: 

and the CME sensitivities:  

From these, we can derive the FIM:

s(t)ki =
@

@✓i
p(xk, t; ✓)
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FSP-Based Fisher Information

Estimating Expected MLE Uncertainty 
using Fisher Information

v2
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68% C.I.

The FIM provides an asymptotic (multivariate Gaussian) 
estimate for the Maximum Likelihood Estimator.

Zach Fox

The FIM’s eigenvalues          and its 
eigenvectors          estimate the 
magnitudes and directions of uncertainty in 
MLE parameters (Cramer Rao Lower 
Bound).
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n( ̂θ − θ*) dist #(0,I(θ*)−1)
Asymptotic normality of the MLE:

Gaussian approximation of MLE 
estimate distribution

Fox et al, PLoS Comp. Biol, 2019
Fox et al, Complexity, 2020



FSP-Based Fisher Information

The FSP-FIM correctly predicts the 
asymptotic normal spread of MLE samples. 

Zach Fox
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n( ̂θ − θ*) dist #(0,I(θ*)−1)
Asymptotic normality of the MLE

M
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Fox et al, PLoS Comp. Biol, 2019
Fox et al, Complexity, 2020
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FSP-Based Fisher Information

n( ̂θ − θ*) dist #(0,I(θ*)−1)
Asymptotic normality of the Maximum Likelihood Estimator 

Zach Fox
Fox, et al, PLoS Comp. Biol, 2019

Fox, et al, Complexity, 2020

M

The FSP-FIM is more accurate and more consistent than 
moments based approaches. 
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Using Fisher Information to Design Experiments 

Different single-cell experiments reveal different 
amounts of information about model parameters.

(Transcription rate)
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te

) The FIM can estimate which 
experiments will provide tighter 
MLE results. 

|I2(✓)| > |I1(✓)|In this case,

Zach Fox Fox et al, PLoS Comp. Biol, 2019

Slow Dynamics

Fast Dynamics

t

t

The FSP-FIM (blue) correctly 
identifies the optimal experiments, 
whereas the moment based 
approach (purple, green) do not.

Experiments can be optimized by 
comparing the FIM for different 
designs (e.g. sampling periods). 
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RNA

Inactive DNA

Bursting gene expression

Using Fisher Information to Design Experiments 

computed exactly. We consider two different metrics of the FIM, which are frequently 204

used in model-driven experiment design [9, 12]. The first of these is E-optimality, which 205

corresponds to the smallest eigenvalue of the FIM. By finding the experiment which 206

maximizes this eigenvalue, the information is increased in the principle direction of 207

parameter space in which the least information is known (i.e. the parameter uncertainty 208

is highest). The second FIM criteria is D-optimality, which corresponds to the 209

determinant of the FIM. By maximizing the determinant of the FIM over the 210

experiment design space, one finds an experiment which minimizes the volume of the 211

uncertainty in parameter space. We note that many other experimental design criteria 212

are possible, and the choice of criteria depends on what one desires to learn about the 213

system. 214

Optimizing the sampling rate for bursting gene expression. Our first 215

demonstration of FSP-FIM based experiment design is to select the optimal single-cell 216

sampling period with which to identify the parameters of the bursting gene expression 217

model. For this, we have chosen to analyze E-optimality criteria, which seeks to 218

maximize the smallest eigenvalue of the FIM. We consider a potential experiment design 219

space consisting of 60 logarithmically distributed sampling periods �t from 2⇥ 10�2
220

minutes and 7⇥ 102 minutes. For each sampling period, a total of five temporal 221

measurements would be taken. Figure 5(a) compares the information expected versus 222

the sampling period using the different FIM approximations: LNA-FIM (purple), 223

SM-FIM (green) and FSP-FIM (blue). For each potential experiment, we then simulate 224

200 data sets for 1,000 cells each by sampling p(X; t,✓⇤), use Eq. 7 to find the MLE 225

parameter estimate for each data set, and then compute the covariance matrix from the 226

MLE parameter sets. Each experiment is taken to have five temporal measurements 227

from 0 min to 5�t min. This covariance matrix is inverted, and its minimum eigenvalues 228

are depicted as orange triangles in Fig. 5(a). Figure 5(b) also shows a scatterplot to 229

Sampling period,
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Fig 5. Designing experiments with the FSP-FIM. (a) E-optimality (i.e., smallest
eigenvalue of the FIM) for the standard bursting gene expression model versus sampling
period, �t, using FSP-FIM (blue), LNA-FIM (purple), and SM-FIM. Maximizing
E-optimality corresponds to minimizing variance in the in the most variable direction of
parameter space. The orange triangles show MLE-based confirmation of the
E-optimality, using 200 simulated data sets for each sampling period. The green shaded
region represents experiments that are feasible using smFISH, from minute resolution [2]
to hour resolution [29] (b) Comparison of the FSP-FIM (x-axis) versus the observed
information (y-axis) for various sampling periods using the FSP-FIM (blue circles),
LNA-FIM (purple squares), and SM-FIM (green crosses). Kinetic parameters are given
in the main text.
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(a) Distribution of FSP-based MLE estimates for NaCl concentration using the six experimental

designs from Fig 6. Each distribution comes from 1,000 replicas of 75 cells per replica spread out

over the possible 16 time points. Replica data were sampled randomly from published experimental

data [10] that contain two or three biological replicas and 535-4808 cells per time point. The true

experimentally applied level of osmotic shock was 0.2M NaCl. (b) The MLE estimation standard

deviation for each experiment design applied to a data set taken at 0.2M NaCl (blue). These

deviations are compared to FSP-FIM deviation predictions using a piecewise constant model for

HOG1 nuclear localization (purple). (c,d) Same as (a,b) but for a true NaCl concentration of 0.4M.
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No labeling strategy, microscope, 
or image processing tool is perfect.

All measurements are noisy.

All data is distorted.
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FIG. 1: The challenge of interpreting smFISH experiment. The information from the ideal image of a cell (A) could be
corrupted by pixelation noise (B), camera noise (C), or both (D). These noisy images contain ambiguities that may lead to
di↵erent countings by experts and/or artificial vision systems. Filtering algorithms could be applied to the noisy image, but
the true signal could only be recovered in part. As a consequence, there is much uncertainty in the final estimates of the true
copy number of mRNA within the cell.

of the distribution to the true process statistics. From a computational perspective, this implies that we only need to
solve the (usually expensive) sensitivity equations derived form the CME only once, as done in Fox and Munsky [4],
then apply relatively quick linear algebra operations to find the FIM corresponding to any given probabilistically
calibrated microscopes or probe design. This new approach allows us to compare the e↵ects of di↵erent types of
measurement errors on the amount of information in the resulting experimental data, and therefore to the precisions
of models inferred from these data. In particular, it could help deciding whether one should choose a more accurate,
but lower throughput, measurement method or an alternative with higher throughput but lower accuracy.
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FIG. 2: Results of MLEs using 160 randomly generated datasets perturbed by the lossy model. Ignoring measurement uncer-
tainty in the mathematical model can lead to biased parameter estimation, regardless of the number of experiments conducted.
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The FSP-FIM is easily adapted to consider 
arbitrary Markov distortion kernels:
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Including the distortion kernel 
corrects estimation errors and 
improves uncertainty quantification.
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Figure 2: (A) The true mRNA distribution at time t := 60 min and its various
distortions due to error in image processing. See the main text for specific model
parameters. (B) Results of MLEs using 1600 randomly generated datasets that
are perturbed by random spot misses. The intersection of the dotted straight
lines represents the position in parameter space of the true data generating
process. Failing to model measurement uncertainty can lead to biased parameter
estimation, regardless of the number of experiments conducted.

2.2 Distorted single-cell measurements sample a probabil-
ity distribution that is a linear transformation of their
true molecular count distribution

In the context of single-cell smFISH and flow cytometry experiments, let X
be the stochastic process that models the copy numbers of mRNAs and pro-
teins of interest, and Y represents the stochastic process of observed quantities
such as the number of spots in single-cell images, or the fluorescence intensities
recorded in flow cytometry datasets. Viewing Y as a probabilistic distortion
of X, we seek to model the conditional probability P (Y |X) of Y given X.
By making appropriate conditional independence assumptions on Y (details in
Methods section), we deduce that the probability distribution pY (t) of a spa-
tially distorted measurement Y (t) is a linear transformation of the probability
distribution pX(t) of the true cellular state X(t). We refer to this linear trans-
formation as the probabilistic distortion operator. This matrix is element-wise
the condition probability density/mass function of Y (t) given X(t). Specifiying
appropriate statistical distributions for this conditional probabilistic dependence
gives us concrete models of Y for di↵erent types of measurement distortion.
These transformations allow us to obtain the distribution of observations from
the solution of the chemical master equation (CME) that can be obtained ei-
ther numerically or analytically, as well as its sensitivities with respect to model
parameters. This allows us to compute the Fisher Information Matrix of the
observation variable Y itself under di↵erent assumptions on the type and degree
of measurement noise. We give concrete examples of our approach for the rest
of this section.

5

was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission. 
The copyright holder for this preprint (whichthis version posted May 12, 2021. ; https://doi.org/10.1101/2021.05.11.443611doi: bioRxiv preprint 

co
rre

ct
ed

 
es

tim
at

es

distorted 
estimates FIM

‘true’

Distortions Affect Design of Optimal Experiments

2.3 Fisher Information Matrix accurately estimates how
di↵erent single-cell measurement noises induce model
parametrization uncertainty

We consider two formulations of measurement distortion matrix (cf.eq. (3) in
Methods), corresponding to three di↵erent scenarios in which experimental er-
rors arise from either lossy spot counting or spatial integration cell fluorescence
intensity. Fig. 3 visualizes the image distortion kernels for these situations as
nonlinear functions from the joint domain of x and y to the positive real num-
bers.

The first model concerns with when ỹ is obtained from an ine↵ecient mRNA
detection process that may be caused by an error in the spot counting algorithm
when applied on images taken in an smFISH experiment. We model y|x = n
with a binomial distribution B(pmiss, n), where each spot has a chance pmiss of
being ignored by the couting algorithm, resulting in uderestimation of the true
mRNA copy number. In this model, the bias E(y � nRNA) = npmiss is a linear
function of nRNA.

The second model conerns fluorescent intensity in flow cytometry measure-
ments. We use the model proposed in [32], in which ỹ = ·ñRNA+⌘ñRNA + "̃BG,
where ⌘̃ñRNA ⇠ N (0, ñRNA�probe) models fluorescent heterogenity and "̃BG ⇠
N (µBG, �BG) is the background noise.

Figure 3: The probabilistic distortion operators. Left: an smFISH experiment
where spots can randomly go missing. Right: flow cytometry measurements
where only a perturbed version of the total fluorescence is recorded per cell. In
these heatmaps, the color at point (x̃, ỹ) is the conditional probability mass/-
density of the measurement y having value ỹ given that the true copy number
x has value x̃.

To elucidate how these measurement distortions a↵ect parameter identifica-
tion, we consider three types of experiment design. These are either noise-free
smFISH, or the two noisy measurements previously described.

Consider an experimental set-up where measurements could be placed at
five uniformly-spaced time points tj = j�t, j = 1, 2, 3, 4, 5, with the sam-
pling period �t in minutes. For these classes, we place at each time point an
equal number n of single-cell measurements, chosen as n := 1000 for smFISH
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Figure 4: Optimizing sampling rate for bursting gene expression with di↵er-
ent types of imprecise measurement. (A): Comparison of D-optimality criteria
(det(GY )) in single-cell experiments with di↵erent types of measurement noise
and at di↵erent sampling intervals (�t). In this settings, independent mea-
surements are collected at five equally-spaced time points k�t, k = 1, 2, 3, 4, 5
with 1000 measurements placed at each timepoint for smFISH variants and 2000
measurements per time point for flow cytometry. The ? symbol marks the op-
timal point of each curve. (B) and (C): The three-sigma confidence ellipses
projected onto the kON � kOFF and kr � � planes. These ellipses are computed
from inverting the FIMs of di↵erent measurement noise conditions at their op-
timal sampling rates.

2.4 The new FIM based approach allows us to find the
maximally informative mixture of measurement types
under material constraints

From the previous section, we see that di↵erent types of measurements result in
di↵erent uncertainty directions in parameter space. This means that diferrent
measurements have complementary strengths in reducing uncertainty along spe-
cific directions in the parameter space. This prompted us to ask whether one
can use a combination of these di↵erent measurements to improve parameter
estimation even further.

Motivated by this question, we consider the experiment design described in
the previous section. For exact smFISH measurement with 1000 measurements
placed at each time point, the previous computations told us that the optimal
sampling period is �topt = 30 minutes. We now slightly extended the design
constraints to allow for mixing exact smFISH and flow-cytometry measurements
at each time point. For simplicity, we require that the same composition of sm-
FISH and flow-cytometry to be used at all time points, and assume an exchange
rate (in terms of material cost or processing time) of one smFISH observation
for five flow cytometry observations. The constraint we put on the experiment
design is that any composition (nsmFISH, nflow-cytometry) of these two measure-
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✴ The Central Dogma is a Noisy Process that can be measured at 
Single-Molecule resolution.  
✴ Single-cell experiments can quantify, and discrete stochastic 

models can reproduce, every step of these processes. 

✴ But experiments are expensive; there are an infinite number of possible 
designs; and each choice will affect potential conclusions and uncertainty. 

✴ The Fisher Information Matrix (FIM) can estimate expected uncertainties 
for potential experiment designs. 

✴ Finite State Projection allows for computation of the FIM even for arbitrary 
non-Gaussian processes, and for circumstances when data are subject to 
unavoidable probabilistic distortions.

Conclusions
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