2nd Annual Undergraduate Quantitative Biology Summer School EE@E—EBE@

Module 4: Introduction to Master Equation Analyses of Single-Cell Gene Regulatory Processes
Instructor: Michael May

e-mail: michaelpmay@live.com

COLORADO STATE UNIVERSITY



Motivation: How do we calculate time series distributions?

Outline
» Markov Models

Infinitesimal
Generator

* Properties of the
Inf. Generator

* Error

» Math Properties
of the Matrix
Exponential

* Tips

+ Example

. Creating the changes over time!

Gregor Neuert,
Vanderbilt

Brian Munsky,

Colorado State Univ.

State Space Osmotic stress response of many cells shows distribution P(x;t) which

O
o
©

Omin [| 4 min || 6 Min

Probability © Probability !
o

10 min|{ |20 Min |30 min

0

o\ |

80
MRNA copy number —
2 Experimental replicates



Motivation: SSAs can only sample from a true distribution
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SSAs only sample the CME, they do not give its solution

SSA’s only give one possibility out of many

%converges at rate \% (Standard Deviation of Mean = 10™* — 314 years assuming 1 second for each SSA)

No analytical solutions through SSA analysis
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Markov Models uq-bio

Outllne ) ) o ]

+ State Space The state of the system is defined by its integer population vector
0 arkov ivioaels
» Creating th . .

infintesimal Reactions are transitions from one state to another:

Generator

* Properties of the
Inf. Generator

* Error

» Math Properties
of the Matrix

Exponential
) Tipps [10, 15] [11, 15]

- Example f \ l

# species 1, # species 2
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Each block is a different state. [10,15] is one state and [11,15] is another
state that is reached by a single reaction with stoichiometry [1,0].




Markov Models uq-bio
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These reactions are random, and others could have occurred




Markov Models and Master Equation Models uq-bio
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Frequentist approach requires a large amount of SSA data

Reaction propensity tells us about how SSA’s transition from one state to the next
Reaction propensity tells us about the rate that probability moves to other states
Reaction stoichiometry tells us how states connect




Creating the Master Equation uq-bio
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Flow out Flow in

Examine the flow of probability in
a small area apply to state space

Over large time steps:

Probability flows from any state to any other state

Over dt time steps:

Probability only flows to nearby states using one chemical rxn

Prob. that no reactions fire in [t,t + dt] = 1 — Y, wi(z)dt + O(dt2)
Prob. that reaction R; fires once in [t,t + dt] = wi(x)dt + O(dt2)
Prob. that more than one reaction fires in [¢t, ¢t + dt] =0O(dt?)

at z No reaction fires

p(z,t+dt) = p(z,t) (1 — > wi(z)dt + O(dt2)>
k

+ Y oz —sp,t) | Y wp(2)dt + O(dt2)) + O(dt?)

k ) k
Ry, reaction ) more than one
R, fires once . .
away from zx reaction in dt

p(z,t+dt) — p(z,t) = —p(x,t) Z wi(z)dt + Zp(x — s, wi(z)dt + O(dt?)
k k

The Chemical Master Equation: A linear ordinary differential equation

dp(xz,t)
dt

—p(z,t) > wi(x) + > plx — s, wy(z — si)
k k



Creating the Master Equation uq-bio
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Creating the Master Equation uq-bio
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Creating the Infinitesimal Generator uq-bio
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Write the ODE that defines the flow of probability at x = [5, 1]7.

—Wy (x))Px +wy (x - Sl)Px—s1 +w; (x - SZ)Px—sz tws (x - S3)Px—S3 Twy (x - S4)Px—s4

dP
d;'l = —(kq + 5ky + k3 + 1k4)Psq + k1 P4y + 6kyPg 1 + k3Ps g + 2k4Ps5 5
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All States

Each state in state space gets its own linear equation to describe the flow of
probability to and from that state

From the Master Equation:

For X=[i,j]:

dp

0,0 __
For X=[0,0]: —; — %0,000P00 F -+ Qo,0k1Pk1 + -

dP; i
dt

]
—_— = ai,]"O’OPO’O + ...+ ai,j,k,lPk’l + ...




Creating the Infinitesimal Generator
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All States

Each state in state space gets its own linear equation to describe the flow of
probability to and from that state

From the Master Equation:

daPp,
For X:[O] d_to — ao’opo + ...+ aOJP] + ...

aP;

For X=[|] E — a1,0P0 + ...+ aIJP] + ...

dP
dt

e The matrix A in the Linear ODE is known as the Infinitesimal Generator.
* This equation is the Chemical Master Equation in matrix form

e Changing Indexes from (i,j) — (I) is equivalent to vectorising the matrix

AP



Properties of the Infinitesimal generator uq-bio

Outllne ope . . . .
State Space The CME conserves probability and its solution is non-negative

* Markov Models
+ Creating the

Infinitesimal 1. A;; = rate of flow of probability gained by state i from state j
Generator

* Properties of the A 2. Aj; = total rate of probability flowing out of state j
Inf. Generator i ] ]

« Error 3. Xizj Aij = —Aj; and 2,; 4;=0

» Math Properties

of the Matrix 4. A is very sparse

Exponential
* Tips . ]
. Example The steady state solution is: Eigenvalue properties
dP . _ Vio
—AP =0 v =null(4) [vij 4] = eigd) B =5
dt i0
P — v We know that 0 is an eigenvalue of A.
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Normalization of the eigenvector gives the stationary distribution

All eigenvalues of A are zero or have negative real parts (i.e., they are stable)
Least negative real(4;) determines timescale of the system relaxation to steady state
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Approximating the Infinite State Space of the CME
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Truncate the infinite system into a finite system + an error state or a finite

system + reflecting boundary




The Finite State Projection uq-bio
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Munsky, Brian, and Mustafa Khammash. "The finite state projection
algorithm for the solution of the chemical master equation.”" The
Journal of chemical physics 124.4 (2006): 044104.

Finite dimensional + error

Solution: Truncate the infinite system into a finite system + an error state
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Error - State Space

The amount of flow into the error states determines the magnitude of the error
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Use the magnitude of the error to determine how big your states should be

Goldilocks zone for the size of states balances solving time and error




Math Properties — Matrix Exponential uq-bio
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Tips: Creating the Infinitesimal Generator
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The infinitesimal generator is given by : A = + A, + A3 + Ay
In this example it can be written by : A = + kyA'y + k3A'3 + k4 A'y

Propensity
Wy, = kx4
W3 - k3
Wy = kyX,



Example 1: Birth Decay Process
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Example 1: Birth Decay Process uq-bio
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Example 1: Birth Decay Process
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Write the Infinitesimal Generator for the Birth Only system above




Example 1: Birth Decay Process
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Example 1: Birth Decay Process uq-bio
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Example 1: Birth Decay Process uq-bio
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Example 1: Birth Decay Process uq-bio
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Example 1: Birth Decay Process uq-bio

Outline and Decay (B
» State Space

» Markov Models

Markov Mo | SR T
- Creating the
Infinitesimal .4—.4—.4—.4— — [71 k_ -] s=[1, -1] wexn = [, |
Generator ' x,
* Properties of the
'E”f- S Write the Reflecting Boundary Condition for the Birth and Decay Only system above
« Error

» Math Properties
of the Matrix

Exponential
* Tips
+ Example
—ky k, (1) 0 0 0 0-
ki —k,(1) =k k,(2) 0 0 0
[A _| o k, —ky(2)—k;  k,(3) 0 0
0 0 0 ky —k,(3) — kq k,(4) 0
0 0 0 ki —k,(4) —ky+k, O
- 0 0 0 0 0 0 -




