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Short Abstract — We study a stochastic linear birth and
death process where the birth and death rates depend on
age. The novelty of this work is in keeping track of the
distribution of generation numbers, ie., the number of
HIV replication cycles that have occurred since the initial
infecting genome entered the host. We derive the master
equation of the process and compare to a Monte Carlo
simulation. The summary statistics obtained here provide
a more robust alternative to coalescent theory for
estimating times to the last common ancestor for an
exponentially growing population.

1. BACKGROUND

HE occurrence of a genetic bottleneck in HIV

sexual or mother to infant transmissions has been

well documented [1-4]. This results in a majority of
new infections being homogeneous, i.e., initiated by a
single genetic strain [5]. Furthermore, the viral
population grows exponentially during the early phases
of infection prior to the onset of the host immune
response. In this simple setting, an approach based on
comparison of summary statistics is a feasible
alternative to the existing Bayesian methods based on
simulation of genealogies (e.g. BEAST [6]) for
estimating evolutionary and demographic parameters.

II. METHODS

A. Stochastic Model

We implement an age-structured stochastic model
that follows the total population of infected cells. At
any given time t, the state of the system is described by
a function I(a,g) which represents the number of
infected cells of age a (where here by age we mean time
since the viral particle has entered the cell) and
generation g (i.e., the number of replication cycles since
the initial infecting strain). Given arbitrary birth and
death rates o(a,g) and p(a,g) respectively, we derive the
master equation of the system for the probability
density functional P(7,¢) and the evolution equation for
the generating functional F(6,2).

B. Monte Carlo Simulation

We generate a realization of /(a,g) at all times ¢ as
follows: at each time step, we allow for a random
number of cell deaths and let the survivors produce a
random number of newly infected cells. The
simulations are carried out in discrete time, and the
convergence as the time step is reduced is studied. The
probability of a cell dying and the distribution of the
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number of newly infected cells depend on the cell’s age
and generation and can be chosen to reflect the range of
values presented in the literature for the average
generation time 7, the basic reproductive ratio Ry, and
the time from cell entry until viral production.

C. Hamming Distance Distribution

Assuming a random base substitution model, we use
I(a,g) to derive at all times the Hamming Distance (HD,
number of base pairs any two sequences differ at)
probability distribution and obtain the time evolution of
summary statistics such as the mean, variance and
maximum HD. We then compare them to the sequence
diversity data in acute HIV infections obtained in recent
studies as a robust alternative to coalescent approaches
for studying early viral evolution. These simulations
can be used to understand early longitudinal within-
patient data: by comparing the observed diversity to our
model predictions we provide accurate estimates of the
time elapsed since the Most Recent Common Ancestor
of the sampled sequences with reliable errors bars, even
when the sequence data is unsuitable for a phylogenetic
analysis.

III. CONCLUSION

This method is useful when the data to be analyzed
are not suitable for a complete phylogenetic analysis,
for example, due to in vitro recombination, and yet the
number of generations since the genetic bottleneck is
still small so that exponential population growth can be
assumed. A modification of our simulations can easily
allow for the inclusion of other in vivo processes, such
as recombination and selection, which are difficult to
handle in standard coalescent theory.
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