Estimation of multifractal properties of random
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Short Abstract — Random walks have fractal properties in the
sense that a rescaled random walk has statistical properties
very similar to that of the original, and appear qualitatively
the same on any time scale. Many random walks have a mean
square displacement that grows linearly in time. More
generally, the 2n-th moment of the displacement scales as a
power of time "™ where the scaling exponent H is known as
the Hurst exponent. Monofractal walks have unique exponents
H(n)=H, whereas multifractal walks have non-unique H(n).
There are a number of biological instances in which finite sized
probing windows need to be considered, from examples of cells
and bacteria in confined spaces to rodent populations of
interest in epidemic spread. A monofractal random walk seen
through a finite probing window will incorrectly appear to have
multifractal properties [1]. We propose a method to correct for
such spurious detection of multifractality. We then study the
case in which the roaming region of the walker is itself of
limited extent, so that a nonlinear interplay occurs between the
roaming area and the window size.
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I. PURPOSE

HE study of random walks began with the quantitative

description of Brownian motion. The square root of the
second moment of the probability density function of the
displacement of Brownian walkers grows as the square root
of time. The 2n-th root of the 2n-th moments grow in time in
the same manner, so that a single power law scaling
exponent H=1/2 quantifies the whole process. Such
behavior is known as monofractal scaling and H is known as
the Hurst exponent. In contrast, if each moment grows with
time with its own unique exponent, the result is multifractal

scaling.
In this contribution, we show analytically that
monofractal motion may incorrectly appear to have

multifractal properties if the measuring apparatus has a finite
window of observation. We discuss a number of aspects
related to this issue and propose a method to correct for this
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artifact. Finally, we consider the case in which the random
walker remains confined to a finite region. In this case, not
only are the measurements confined to the probing window,
but the walkers themselves are confined, leading to a
nonlinear interplay between the two confining effects.

II. CONCLUSION

In summary, we show that finite probing windows may
lead to the spurious detection of multifractality and have
proposed a method to correct for such spurious results. We
conclude that special care must be taken when investigating
the multifractal properties of random walks seen through a
finite probing window.
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