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What is rule-based modeling? 

n  A modeling approach based on the principles of chemical kinetics 

n  An approach distinguished by its means of model specification: local 
rules vs. equations 

n  An approach based on assumptions of modularity – the interaction 
represented by a rule depends on molecular context only as explicitly 
specified in the rule 

n  An approach useful for studying biomolecular site dynamics in cell 
signaling systems (e.g., changes in levels of phosphorylation at 
individual pTyr sites) 
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Outline 

1.  The motivation for modeling, and rule-based modeling in particular 

2.  Basic concepts of rule-based modeling 

3.  Indirect and direct methods for simulating a model 

 



The need for predictive models of cell signaling 
systems 

n  These systems mediate cellular information processing and 
decision-making (regulation of cellular activities and fates) 

n  These systems are complex 
n  Molecular changes that affect cell signaling cause/sustain 

disease (e.g., cancer) 
n  Numerous drugs that target signaling proteins are currently in 

clinical trials 
•  Successes (e.g., imatinib treatment of CML) 
•  But results are disappointing for many patients 

n  Many clinical trials are underway to test combinations of drugs 
(clinicaltrials.gov) 
•  There are too many combinations to consider all possibilities in trials 
•  Targeted therapeutics can have counterintuitive effects (e.g., BRAFi) 

 
 
 



Cell signaling behavior depends on quantitative 
properties 
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What’s the value added by modeling? 

n  We can use models to organize information about a system with 
precision 
•  Introduces greater rigor and discipline 
•  Discovery of knowledge gaps 

n  We can determine the logical consequences of a model specification 
•  Design principles can be elucidated (key for intuitive understanding and perhaps 

synthetic biology) 
•  Ranking of clinically available therapies for a given patient (key for personalized 

medicine) 

 



A signaling protein is typically composed of multiple 
components (subunits, domains, and/or linear motifs) 
that mediate interactions with other proteins 

CD3E: 184PNPDYEPIRKGQRDLYSGL202 

PRS: PxxDY 

ITAM: YxxL/I(x6-8)YxxL/I 

LCK 

LCK-SH2 (1bhh) 

TCR/CD3 

Kesti T, et al. (2007) J. Immunol. 179:878-885. 

Lemons NW, et al. (2011) BMC Bioinformatics 
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Some domains are multivalent and mediate 
oligomerization via domain-domain interactions 

There are many possible trimers! 

!

C.-S. Tung 



Domain-motif interactions are often controlled by post-
translational modifications 

Schulze WX et al. (2005) Mol. Syst. Biol. 

There are many 
possible protein 
phosphoforms! 



518 protein kinases (~2% of human genes) 
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There are 
phosphatases too! 



Signaling proteins typically contain multiple 
phosphorylation sites (S/T/Y) 

> 50% are 
phosphorylated at 2 or 
more sites 

Phospho.ELM database v. 3.0 (http://phospho.elm.eu.org) 

Hlavacek et al. (2006) Science’s STKE 



There are many different kinds of post-translational 
modifications of proteins 

Walsh CT et al. (2005) Angew. Chem. Int. Ed. Engl. 44:7342-72. 



Distinct time courses of phosphorylation for different 
amino acid residues within the same protein 

in this case). Furthermore, we have submitted our phos-
phorylation data to the Phospho.ELM database (Diella
et al., 2004) and the Human Proteome Reference Data-
base (Peri et al., 2004) and have uploaded previous phos-
phoproteome data sets to Phosida.

DISCUSSION

We have developed and applied a strategy combining
triple-encoding SILAC for monitoring activation profiles,

SCX and TiO2 chromatography for phosphopeptide en-
richment, and high-accuracy mass spectrometric char-
acterization. Identification of numerous phosphorylation
sites of transcription factors and other low-abundance
regulatory proteins demonstrates that the technology
can probe the phosphoproteome in considerable depth.
The approach is completely generic for identification of
key phosphorylation events in signaling pathways and is
applicable to any cell culture system that can be SILAC
labeled. It can also be used to study crosstalk between

Figure 5. Regulatory Information from Specific Phosphorylation Sites
(A) EGF receptor and negative feedback. Tyrosine phosphorylation sites (pY) have fast kinetics, whereas serine/threonine phosphorylation (pS, pT)

occurs with a time delay.

(B) Activation profiles from the mitogen-activated protein kinase (MAPK) family.

(C) Translocation of activated STAT5 from the cytosol to the nucleus.

(D) Multiply phosphorylated transcription factor Fra2. Only one of the phosphopeptides is regulated by EGF.

(E) Related but differentially regulated transcription factors. Both JunD and JunB are phosphorylated at the paralogous sites, but only in JunD are

these sites regulated (shown by overlapping peptides for the Jun B site, yellow and violet traces).

(F) Profile for a kinase and its known substrates. p38 starts to phosphorylate its substrates shortly after its own phosphorylation and activation.

644 Cell 127, 635–648, November 3, 2006 ª2006 Elsevier Inc.

Schulze WX et al. (2005) Mol. Syst. Biol. 

Olsen JV et al. (2006) Cell 127:635-48. 

Dengjel J et al. (2007) Nat Biotechnol 



Combinatorial complexity 

Epidermal growth factor receptor (EGFR) 

9 sites => 29=512 phosphorylation states  
 
Each site has ≥ 1 binding partner 

  => more than 39=19,683 total states  
 
EGFR must form dimers to become active 

  => more than 1.9x108 states  



CC is a serious problem for the textbook approach: why 
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Network (model) size tends to grow nonlinearly 
(exponentially) with the number of molecular 
interactions in a system when molecules are “multi” 
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A typical representation of a cell signaling network 

Slide 18 

EGFR

RASA1 PTPN11 GRB2

SOS1

KRAS

SHC1

GAB1

A EGFR

RASA1 PTPN11 GRB2

SOS1

KRAS

SHC1

GAB1

C

B

EGFR

PTPN11

RASA1

EGFR

SHC1

GRB2

EGFR

RASA1

KRAS

GRB2/SOS1

D E F

SOS1

KRAS

EGF EGF

1

2-7

8,15,16

13,1411,1712

9,10

18

19-22

23

2425

26,27

L. A. Chylek 



The edges of a typical network graph hide considerable 
complexity 
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If you can write the model by hand, it may look like a 
mechanistic model, but it’s probably just a complicated 
fitting function 

A reaction scheme 
incorporated in numerous 

published models for 
EGFR signaling 

Kholodenko et al. (1999) 



The problem of combinatorial complexity 

n  Inside a Chemical Plant 
•  Large numbers of molecules… 
•  …of a few types 
•  Traditional state variables (concentrations) can be measured. 
•  Traditional modeling of chemical kinetics, developed before the existence of 

molecules was widely accepted (starting in 1865), works. 

n  Inside a Cell 
•  Possibly small numbers of molecules… 
•  …of myriad possible types (more than a googol, easily) 
•  Traditional state variables CANNOT be measured – no data. 
•  What do we know? Most studies are focused on elucidating the “rules” of 

interactions, meaning the parts of biomolecules responsible for interactions and the 
contextual constraints on interactions. Can we use this information more directly? 

 

 

 



Outline 

1.  The motivation for modeling, and rule-based modeling in particular 

2.  Basic concepts of rule-based modeling 

3.  Indirect and direct methods for simulating a model 

 



Rule-based modeling: basic concepts 

Use graphs represent molecules and their component parts and “internal 
states” 

Formalize interactions as graph-rewriting rules 
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A “language” is used to encode graphs and and graph-
rewriting rules in plain text 
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begin molecule types
S(s,a,b)
A(s)
B(s)
end molecule types
begin seed species
S(s,a,b) S_init
A(s) A_init
B(s) B_init
end seed species
begin reaction rules
S(a) + A(s) <-> S(a!1).A(s!1) kpa,kma
S(b) + B(s) <-> S(b!1).B(s!1) kpb,kmb
S(s) + S(s) <-> S(s!1).S(s!1) kps,kms
end reaction rule

%agent: S(s,a,b)
%agent: A(s)
%agent: B(s)
%init: 1e5 * S(s,a,b)
%init: 1e5 * A(s)
%init: 1e5 * B(s)
S(a),A(s) ->S(a!1),A(s!1) @0.1
S(a!1),A(s!1) ->S(a),A(s) @0.1
S(b),B(s) ->S(B!1),B(s!1) @0.1
S(B!1),B(s!1) ->S(b),B(s) @0.1
S(S),S(s) ->S(s!1),S(s!1) @0.1
S(s!1),S(s!1) ->S(S),S(s) @0.1

Listing 1 Listing 2

BNGL Kappa (almost the same as BNGL) 

Chylek et al. (2013) 



PySB (Lopez et al., 2013): an embedded language 
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Representing molecules 

Shc Grb2 
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Blinov ML et al. (2006) BioSystems 



Representing complexes: connected sets of graphs for 
molecules 

P 
P P 

P 
P 

Edges represent bonds between components 

Bonds may be intra- or intermolecular 

No need to introduce a 
unique name (e.g., X123 
or ShP-RP-G-Sos) for 
each chemical species, 
as in conventional 
modeling 



The granularity of molecule representation: 
intermediate between atomic and traditional state 
variable representations 
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L.A. Chylek & C.-S. Tung 



Representing interactions: patterns (subgraphs) define 
sets of chemical species with common features  

P 

EGFR 

Y1092 
selects 

P P 
P 

Suppressed components don’t affect match 

P 
P P 

P 
P 
P 

P , , , , … 

A pattern that matches EGFR phosphorylated at Y1092 

Shaded background indicates any bonding state 



Representing interactions: rules are composed of 
patterns 

EGF binds EGFR 

+ 

EGFR 

L1 EGF 
CR1 

k+1 

k-1 

begin reaction rules	
	
 EGF(R)+EGFR(L1,CR1)<->EGF(R!1).EGFR(L1!1,CR1)	
	
end reaction rules	



Dimerization rule 

+ 

k+2 

k-2 
EGFR 

EGF 

dimerization 

No free lunch: According to this rule, dimers form 
and break up with the same fundamental rate 
constants regardless of the states of cytoplasmic 
domains, which is an idealization. 

EGFR dimerizes (600 reactions are implied by this one rule) 



Another example of how to represent interactions  
(part 1) 

Slide 32 
Kiselyov et al. (2009) Mol Syst Biol; Chylek et al. (submitted) 

S1

S2

S2

S1

S1

S2

S2

S1

L S1

S2

S2

S1

L

L

IGF1

hs ds

IGF1R

S1
+

begin molecule types
IGF1(ds,hs) 
IGF1R(S1,S2,C) # monomer
end molecule types

begin seed species
IGF1R(S1,S2,C!0).IGF1R(S1,S2,C!0) IGF1R_total # dimer
IGF1(ds,hs) IGF1_total
end  seed species

begin observables
Molecules Crosslink IGF1R(S1!+).IGF1R(S2!+)
end observables

begin reaction rules
# Rule 1
IGF1(ds,hs)+IGF1R(S1,C!0).IGF1R(S2,C!0)<->\
IGF1(ds!1,hs).IGF1R(S1!1,C!0).IGF1R(S2,C!0) a1,d1
# Rule 2
IGF1(ds,hs)+IGF1R(S2,C!0).IGF1R(S1,C!0)<->\
IGF1(ds,hs!1).IGF1R(S2!1,C!0).IGF1R(S1,C!0) a2,d2
# Rule 3
IGF1R(S1!1,C!0).IGF1R(S1,S2,C!0).IGF1(ds!1,hs)<->\
IGF1R(S1!1,C!0).IGF1R(S1,S2!2,C!0).IGF1(ds!1,hs!2) 
kcr,d2prime
# Rule 4
IGF1R(S1!1,S2,C!0).IGF1R(S1!+,S2,C!0).IGF1(ds!1,hs)<->\
IGF1R(S1!1,S2,C!0).IGF1R(S1!+,S2!2,C!0).IGF1(ds!1,hs!2) 
kcr,d2prime
# Rule 5 
%x:IGF1R(S2!1,C!0).IGF1R(S1,C!0).IGF1(ds,hs!1)<->\
%x:IGF1R(S2!1,C!0).IGF1R(S1!2,C!0).IGF1(ds!2,hs!1)\
   if(Crosslink(x)>0,0,kcr),d1prime
end reaction rules

A

B

C

a1

d1

kcr

d2prime

a1

d1
d1'

kcr

C

IGF1R

S2 C

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 C

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 CS1

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 CS1



Another example of how to represent interactions  
(part 2) 

Slide 33 

S1

S2

S2

S1

S1

S2

S2

S1

L S1

S2

S2

S1

L

L

IGF1

hs ds

IGF1R

S1
+

begin molecule types
IGF1(ds,hs) 
IGF1R(S1,S2,C) # monomer
end molecule types

begin seed species
IGF1R(S1,S2,C!0).IGF1R(S1,S2,C!0) IGF1R_total # dimer
IGF1(ds,hs) IGF1_total
end  seed species

begin observables
Molecules Crosslink IGF1R(S1!+).IGF1R(S2!+)
end observables

begin reaction rules
# Rule 1
IGF1(ds,hs)+IGF1R(S1,C!0).IGF1R(S2,C!0)<->\
IGF1(ds!1,hs).IGF1R(S1!1,C!0).IGF1R(S2,C!0) a1,d1
# Rule 2
IGF1(ds,hs)+IGF1R(S2,C!0).IGF1R(S1,C!0)<->\
IGF1(ds,hs!1).IGF1R(S2!1,C!0).IGF1R(S1,C!0) a2,d2
# Rule 3
IGF1R(S1!1,C!0).IGF1R(S1,S2,C!0).IGF1(ds!1,hs)<->\
IGF1R(S1!1,C!0).IGF1R(S1,S2!2,C!0).IGF1(ds!1,hs!2) 
kcr,d2prime
# Rule 4
IGF1R(S1!1,S2,C!0).IGF1R(S1!+,S2,C!0).IGF1(ds!1,hs)<->\
IGF1R(S1!1,S2,C!0).IGF1R(S1!+,S2!2,C!0).IGF1(ds!1,hs!2) 
kcr,d2prime
# Rule 5 
%x:IGF1R(S2!1,C!0).IGF1R(S1,C!0).IGF1(ds,hs!1)<->\
%x:IGF1R(S2!1,C!0).IGF1R(S1!2,C!0).IGF1(ds!2,hs!1)\
   if(Crosslink(x)>0,0,kcr),d1prime
end reaction rules

A

B

C

a1

d1

kcr

d2prime

a1

d1
d1'

kcr

C

IGF1R

S2 C

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 C

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 CS1

IGF1

hs ds

IGF1R

S1 C

IGF1R

S2 CS1



Early events in EGFR signaling – the rules of a model 
tell a story (and a story can be translated into a set of 
rules) 

EGF = epidermal growth factor 

EGFR = epidermal growth factor receptor 
1. EGF binds EGFR 

EGFR 

EGF 

ecto 

Blinov ML et al. (2006) BioSystems; Danos et al. (2007) 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

dimerization 2. EGFR dimerizes 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates a 
  copy of itself 

P 
P P 

P Y1092 
Y1172 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates P 
P P 

P 

4. Grb2 binds phospho-EGFR 
Grb2 

Y1092 

S
H

2 
Grb2 pathway 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates P 
P P 

P 

4. Grb2 binds phospho-EGFR 

Grb2 

Y1092 S
H

3 

5. Sos binds Grb2 (Activation Path 1) 

Sos 

Grb2 pathway 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates P 
P P 

P 

4. Shc binds phospho-EGFR 
Y1172 

Shc 

P
TB

 
Shc pathway 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates P 
P P 

P 

4. Shc binds phospho-EGFR 
Y1172 

Shc 

Y
317 5. EGFR transphosphorylates Shc 

P 

Shc pathway 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates P 
P P 

P 

4. Shc binds phospho-EGFR 
Y1172 

Shc 

5. EGFR transphosphorylates Shc 

P 

6. Grb2 binds phospho-Shc 

Grb2 

S
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Shc pathway 



Early events in EGFR signaling 

1. EGF binds EGFR 

EGFR 

EGF 

2. EGFR dimerizes 

3. EGFR transphosphorylates  P 
P P 

P 

4. Shc binds phospho-EGFR 
Y1172 

Shc 

5. EGFR transphosphorylates Shc 

P 

6. Grb2 binds phospho-Shc 

Grb2 

S
H

3 

7. Sos binds Grb2 (Activation Path 2) 

Sos 

Shc pathway 



Summary of molecules and their interactions in a 
simple model of early events in EGFR signaling 

EGF(r)!

EGFR(l,d,Y1092~U~P,Y1172~U~P)!

Shc(PTB,Y317~U~P)!

Grb2(SH2,SH3)!

Sos(PR)!

Blinov et al. (2006) 



Outline 

1.  The motivation for modeling, and rule-based modeling in particular 

2.  Basic concepts of rule-based modeling 

3.  Indirect and direct methods for simulating a model 

 



Consider interaction of a trivalent ligand with a bivalent cell-
surface receptor 
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R.G. Posner (TGen) and P.B. Savage (BYU)	





Signaling by FcεRI begins with ligand-induced receptor 
clustering 

 



Slide 47 

Trivalent ligands 

Posner et al., 2007, 
Org. Lett, 9:3551 

§ ~13 nm 

§ Compound 6a 



Rule-based model specification corresponding to 
equilibrium model of Goldstein and Perelson (1984) 

Equivalent-site TLBR model 

No cyclic aggregates 



Goldstein-Perelson and TLBR models 

Goldstein and Perelson (1984) Biophys. J., 45:1109 

Yang et al. (2008) Phys. Rev. E, 78:31910 

€ 

= 3k+1NL ,∞ /koff

= 
k +

2 
N R

 /k
of
f	



§ Receptor § Ligand 

Equilibrium properties: 



Protocol for “generate-first” simulation (an indirect 
method) 

1.  Define molecules as graphs and interactions as graph-
rewriting rules. 

2.  Specify concentrations and rate constants 

3.  Generate the implied reaction network and then simulate 
the network dynamics using conventional methods 

Graphs 
and rules 

§ BIONETGEN Reaction 
Network Simulator  Output 

http://bionetgen.org 

Faeder, Blinov, and Hlavacek, Methods Mol. Biol. (2009) 



“Generate-first” method starts with seed species 

Ligand	

 Receptor	





After first round of rule application 



After the second round of rule application 



Rule-derived network can be too large to simulate using 
an indirect method 



Direct methods (particle-based KMC algorithms) 

Slide 55 
Method of Colvin et al. (2010)

Method of Yang et al. (2008)Method of Danos et al. (2007)

Method of Colvin et al. (2009)

1

4a Determine
waiting time

5a
Select a rule to apply

3a Calculate rates
of rules based on
local site properties 

6aSelect site(s) to
undergo rule-defined

reaction

7

Initialize

Update states 
of reactant sites

according to rule

2
Identify sites that match
left-hand sides of rules 

8Increment time

A 1

3a

6a

7

2
8

9Do selected sites
have permissive 

non-local properties
for reaction? 

Yes No

10 Null event

B

1

3b

6a

7

2
8

C

Calculate exact
rates of rules
based on both
local and
non-local
properties 

D
1

4b Set step size

Will one or two sites
be chosen in the next step?

6b Select
pair of sites

12 Has the same 
site been
selected twice?

13
Can selected site(s)
react according to rules?Calculate probability

of each possible
reaction.

7

8

10

No

11

Yes

Yes
No

One site
Two sites

15

2

6c Select
one site

Does any
reaction
occur? 14

Yes
No

5b
Select a
reaction
to apply

5a

5a

4a

4a

Diagram from Chylek et al. (2013) 



List of molecules and sites (particles) in a simulation “box” 

Network-free (direct) simulation 



A B 

+ 
kn 

A B 

Rule n 

Particles 

Rule rate = an = kn [A][B]  

Rules are used as event 
generators – a rate is 
calculated for each rule 

Network-free (direct) simulation 



A B 

+ 
kn 

A B 

Rule n 

Particles 

§ … 

Cumulative rate = an 

Let’s assume that Reaction 
n is chosen to fire (using a 
procedure similar to that of 
the Gillespie algorithm)  

Network-free (direct) simulation 



A B 

+ 
kn 

A B 

Rule n 

Particles 

Cumulative rate = an 

Molecules that qualify as reactants are 
chosen randomly to undergo reaction 

Network-free (direct) simulation 



Particles 

The transformation of the rule is 
applied, which generates a new system 
state 

Network-free (direct) simulation 



Conclusions 
n  To capture the physicochemical dynamics of a cell signaling system, a coarse 

modeling approach (vs. an approach like MD) is required, one based on the principles 
of chemical kinetics, because relevant time scales are s to min. 

n  Traditional approaches for modeling chemical kinetics are difficult to apply if one is 
interested in complex mechanisms (anything except idealized small circuits) – why is 
this surprising? 

•  To formulate an ODE model, one must enumerate the chemical species that are 
populated – astronomical numbers of chemical species can potentially be 
populated (so not all are important) but there is no data available to guide 
identification of the important species  

n  Descriptions of protein interactions in the biological literature can be viewed as 
descriptions of “local rules,” which can be formalized to specify models for 
biomolecular site dynamics. 

n  Rule-based models can be simulated using indirect or direct methods 
•  Indirect = derive equiv. model in trad. form + apply std. simulation algorithm 
•  Direct = use rules as event generators (requires unconventional definition of 

system state) 


